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We study the topological phase transitions of a Kitaev chain in the presence of geometric frustra-
tion caused by the addition of a single long-range hopping. The latter condition defines a legged-ring
geometry (Kitaev tie) lacking of translational invariance. In order to study the topological prop-
erties of the system, we generalize the transfer matrix approach through which the emergence of
Majorana modes is studied. We find that geometric frustration gives rise to a topological phase
diagram in which non-trivial phases alternate with trivial ones at varying the range of the extra
hopping and the chemical potential. Frustration effects are also studied in a translational invariant
model consisting of multiple-ties. In the latter system, the translational invariance permits to use
the topological bulk invariant to determine the phase diagram and bulk-edge correspondence is re-
covered. It has been demonstrated that geometric frustration effects persist even when translational
invariance is restored. These findings are relevant in studying the topological phases of looped
ballistic conductors.
I. INTRODUCTION
Recently, Majorana zero energy modes (MZMs) have
attracted a lot of interest as they present promising prop-
erties for the implementation of fault-tolerant quantum
computation[1–3]. MZMs have been predicted to exist as
zero energy states corresponding to localized edge modes
in various condensed matter systems and some evidences
have come from experiments conducted on semiconduct-
ing nanowires or ferromagnetic atomic chains proximized
by a superconductor [4–6].
The minimal model of a topological superconductor,
where MZMs emerge at the edge of the system, is the
Kitaev chain[7], i.e. a model of spinless fermions subject
to a p-wave superconducting pairing. After the seminal
work of Kitaev[7], various generalization of such model
have appeared, either to describe coupled nanowires (Ki-
taev ladder)[8–12] or to include long-range pairing[13]
and disorder[14–19]. One of the major finding is that
the topological phase is robust to disorder but depends
sensitively and non-monotonously on the Zeeman field,
which is one of the ingredients required to stabilize a
topological phase in nanowires with strong spin-orbit in-
teraction.
Despite these numerous studies of the Kitaev chain, less
is know about the effect of geometric frustration on the
topological phase transitions. Although geometric frus-
tration is being recognized as a new way of classifying
magnets[20], its implementation in the topological con-
text has not been discussed. Thus here we consider a
Kitaev chain with an extra long-range hopping that real-
izes a legged-ring system (see Fig.1), the so-called Kitaev
tie. In such a system a frustration between the state with
two Majorana modes localized at the end of the legs and
the state with hybridized modes along the tie emerges.
The Kitaev tie model, whose geometry is depicted in Fig.
1, is not just a mere theoretical curiosity since it can be
realized in looped single-walled carbon nanotubes[22, 23]
where superconducting proximity effect can be easily im-
plemented. For the legged-ring system the breakdown of
translational invariance, induced by the extra hopping,
does not allow to apply the bulk-edge correspondence
and define a topological bulk index Q [24]. Thus, alter-
native approaches must be adopted.
Real space methods based on non-commutative geome-
try [25] and on the wave function properties [19, 26] have
appeared in the literature to characterize topological sys-
tems with broken translational invariance. In particular,
the transfer matrix (TM) method, which is well known in
optics[27], has been widely used for 1D systems [28, 29]
and is suited to reveal the emergence of localized Ma-
jorana zero energy states. It provides a complementary
method to the calculation of the Pfaffian for systems with
periodic boundary conditions and permits to deal with
local disorder or impurities.
In this work, the topological phase transitions of the Ki-
taev tie are analyzed by using both the TM method
[19, 26] generalized to the case of an extra long-range
hopping, and by calculating the Majorana polarization
(MP) introduced in [30]. Both approaches provide a simi-
lar topological phase diagram, showing a rich interstitial-
like behavior with non-trivial phases which alternate with
the trivial ones when the chemical potential µ and the pa-
rameter d, controlling the hopping range, are varied. The
geometric frustration strongly perturbs the energy spec-
trum of the system and the topological phase boundaries
morphology reflects this perturbation. The interstitial-
like character of the phase diagram arises as a result
2of the competition between the localizing effects at the
edges of the chain and the hybridization of the Majorana
modes along the ring, being this competition driven by
interference effects.
In order to study topological frustration effects in trans-
lational invariant systems, a multiple-tie model is also in-
vestigated. In particular, when translational invariance
symmetry is restored, the bulk-edge correspondence can
be invoked to study the topological phase transitions by
means of the bulk invariant, i.e. the Majorana number.
The paper is organized as follows: In Sec. II, we in-
troduce the Kitaev tie Hamiltonian, while its topologi-
cal phase transitions are discussed in Sec. III. In par-
ticular, the transfer matrix (TM) method, generalized
to the presence of an extra long-range hopping, is dis-
cussed in III A. The Majorana polarization is introduced
in III B where the comparison between the topological
phase diagram obtained by the TM method and the one
obtained by the Majorana polarization is discussed. In
Sec. IV, the multiple-tie system is investigated; there the
topological phase diagram is obtained by using the Pfaf-
fian invariant. Conclusions are given in Sec. V. In the
Appendices A and B the effect of the long-range hop-
ping strength and the bulk-edge correspondence for a
multiple-tie system are discussed.
II. THE KITAEV TIE MODEL
A Kitaev tie is a Kitaev chain perturbed by the ad-
dition of a single long-range hopping linking two distant
lattice sites. The tight-binding Hamiltonian of the model
is:
H = HK +Hd (1)
where HK is the usual Kitaev chain Hamiltonian [7]:
HK =
L∑
j=1
[−µc†jcj + (∆c†j+1c†j − tc†jcj+1 + h.c.)] (2)
written in terms of creation/annihilation fermionic op-
erators c†j/cj; t and ∆ are the hopping and the super-
conducting pairing amplitudes between nearest neighbor
sites, µ > 0 is the chemical potential; Hd is the knot
Hamiltonian linking the two sites d and L− d+ 1:
Hd = −td(c†dcL−d+1 + h.c.), (3)
where td is the hopping amplitude linking two distant
sites. The range of the extra hopping, controlled by d, is
varied to change the length of the legs (see Fig. 1). A
previous analysis of the Kitaev-tie energy spectrum in[21]
has already shown a frustration of the system emerging
from a competition between localized edge modes and hy-
bridized modes along the ring. Moreover the breakdown
of translational invariance symmetry leads to a system
with no bulk associated[31] since the long-range-hopping
FIG. 1. (a) Tight-binding scheme of the Kitaev tie. (b)
Toy-model representation.
Hamiltonian Hd =
∑
k,q c
†
kVkqcq, written in momentum
representation, couples all k-modes via the single particle
potential Vkq = td
[
eikde−iq(L−d+1) + e−iqdeik(L−d+1)
]
.
Thus bulk-edge correspondence cannot be invoked and
the topological phase transitions have to be analyzed by
using real space methods. Accordingly, in next section,
we generalize the TM method introduced in Ref. [19] to
the legged-ring geometry.
III. TOPOLOGICAL PHASE DIAGRAM OF A
KITAEV TIE
A. Transfer matrix approach with a long-range
hopping
Topological properties of finite-sized systems are usu-
ally described in terms of geometric indices also known
as topological invariants Q, whose definition is strictly
connected to the bulk of the system in which periodic
boundary conditions are considered. The bulk-edge cor-
respondence, then, can be invoked in order to calculate
the number of zero energy edge modes [31]. However,
the topological properties of the frustrated system con-
sidered here cannot be addressed by means of the bulk-
edge correspondence. Thus we base our analysis on the
TM approach.
Starting from the Kitaev tie Hamiltonian, we make the
change of basis from the fermionic operators cn, c
†
n of
Eq.(1) to Majorana operators: an = cn + c
†
n, bn =
i(c†n− cn) which satisfy the following relations: a†n = an,
b†n = bn, {an, am} = 2δn,m, {bn, bm} = 2δn,m. In this
new basis the Hamiltonian reads:
HM = H
′
k +H
′
d (4)
3where:
H
′
k =−
i
2
L−1∑
j=1
[(t−∆)ajbj+1 − (t+∆)bjaj+1]
− i
2
µ
L∑
j=1
ajbj (5)
H
′
d = −
i
2
td(adbL−d+1 + aL−d+1bd).
The TM can be obtained by means of the Heisenberg
equations of motion for the Majorana operators: aj(t) =
aje
−iωt (bj(t) = bje
−iωt) with ~ = 1: ωaj = [aj , HM ]
(ωbj = [bj , HM ]). Imposing the zero-energy constraint
(ω = 0) for MZMs, two decoupled equations for the com-
ponents of the Majorana wave functions aj , bj are ob-
tained (a- and b-mode equations):
[aj , HM ] =
t−bj+1 + t+bj−1 + µbj + td(δα,jbβ + δβ,jbα) = 0 (6)
[bj , HM ] =
t−aj−1 + t+aj+1 + µaj + td(δα,jaβ + δβ,jaα) = 0, (7)
where we have introduced the shortened notations: t− =
t − ∆, t+ = t + ∆, α = d, β = L − d + 1. The modes
aj at different sites are related by the following equation
involving the matrix A:
xj+1 = Axj + δα,j
( − tdt+ aβ
0
)
+ δβ,j
( − tdt+ aα
0
)
(8)
where:
A =
( − µt+ − t−t+
1 0
)
, xj =
(
aj
aj−1
)
. (9)
In absence of the extra hopping term connecting the sites
α and β, the model reduces to the standard Kitaev chain
and the TM between the first and L−th site is simply
the product of all the matrices A between these two sites:
A = AL (see panel (a) of Fig. 2). The TM for the b-mode
has an identical structure with the change t− → t+. Since
for the Kitaev tie the sites j = α and j = β are connected
by the extra tunneling, the TM of the system has to take
into account the more complex geometry and is not sim-
ply given by the product of A matrices.
Panel (c) of Fig. 2 shows the procedure to determine
the TM of a Kitaev tie. In particular, the tie geometry
introduces an operators loop structure in the TM equa-
tions which is reminiscent of the interference processes
affecting the system response. To determine the TM of
the Kitaev tie, first we specialize Eq. (8) to the cases
j = α and j = β. Consequently, the following non-local
relations are obtained:
xα+1 = A˜xα + Γ1xβ+1 + Γ2xβ (10)
xβ+1 = A˜xβ + Γ1xα+1 + Γ2xα (11)
FIG. 2. Sketch of the transfer matrix method (TM):(a) for
a Kitaev chain and (b) for a Kitaev tie. (c) Operators loop
structure of the TM in the presence of an extra hopping term
connecting sites α and β.
where the following auxiliary quantities have been intro-
duced: A˜ =
( (
t2
d
µt+
− µt+
)
− t−t+
1 0
)
, Γ1 =
( td
µ 0
0 0
)
and
Γ2 =
(
0 tdt−µt+
0 0
)
.
Interestingly, the two terms Γ1 and Γ2 appear because of
the long-range hopping. On the other side, lattice sites
α and β are connected to first and last site of the chain
by means of powers of the matrix A: Ak and Aq, respec-
tively (see panel (c) of Fig.2) thus we can rewrite the
equations above as:
xα+1 = (I− Γ2Ap)−1A˜Akx1 +
(I− Γ2Ap)−1Γ1xβ+1, (12)
xβ+1 = (A˜A
p + Γ1)xα+1 + Γ2A
kx1, (13)
where: k = q = α − 1, p = L − 2α. Finally, replacing
Eq.(12) into Eq.(13), the TM matrix T for the legged-
ring model can be recognized:
xL+1 = Tx1, (14)
where T = (I − R)−1M and the matrices R and M are
given by:
R = Aq(A˜Ap + Γ1)(I − Γ2Ap)−1Γ1
(
A−1
)q
M = Aq(A˜Ap + Γ1)(I− Γ2Ap)−1A˜Ak +AqΓ2Ak.
Once the TM is known, the topological phase transitions
can be analyzed by imposing the localization requirement
of the Majorana modes at the edge of the system, corre-
sponding to the following condition:
aL+1 = T11a1 + T12a0, with aL+1 = a0 = 0,
or equivalently: T11 = 0 [32].
The phase diagram obtained by the condition above is
shown in panel (a) of Fig. 3 for a tie of 121 sites at vary-
ing the chemical potential µ and the extra hopping range,
controlled by d. Topological phases (blue regions) nucle-
ate inside trivial regions (white regions). Moreover, the
4FIG. 3. Topological phase diagram of a Kitaev tie (L = 121)
in the d − µ plane. The model parameters have been fixed
as: td = 1, ∆ = 0.02 in units of t. Panel (a) is obtained with
the Majorana transfer matrix method (T11 = 10
−7), while
Majorana polarization has been used to obtain panel (b). The
red dots of panel (b) correspond to four selected values of the
extra hopping range controlled by the parameter d (d = 1, 3,
40, 59) for which the polarization is plotted in Fig.4. Blue
(white) regions represent topological (trivial) phases.
number of non-trivial phases increases when the circum-
ference of the ring is reduced (d is increased) i.e. when
the system approaches a perturbed Kitaev chain limit
and β = α+ 2. The interstitial character of the topolog-
ical phase is more evident when d is lower than a critical
value since the system is similar to a ring with very short
legs.
B. Majorana polarization
Another quantity that permits to evaluate the topo-
logical phase diagram is the Majorana polarization (MP)
[30, 33, 34]. This is a topological order parameter, anal-
ogous to the local density of states (LDOS), which mea-
sures the quasiparticles weight in the Nambu space.
Let us introduce the Nambu representation Ψ =
(c1, c
†
1, ..., cL, c
†
L)
T . Accordingly the Hamiltonian in Eq.
FIG. 4. Majorana polarization (MP) of the Kitaev tie (blue
curves) for the values of d corresponding to the red dots of
Fig. 3. The cases of a Kitaev ring (d = 1, panel (a)), a quasi-
Kitaev ring (d = 3, panel (b)), d = 40, panel (c) and of a
perturbed Kitaev chain (d = 59, panel (d)) are shown. The
red curves in each panel represent the MP of a Kitaev chain
of the same size L = 121. The numbered black circles are the
selected minima and maxima at which we evaluate the local
Majorana polarization shown in Fig. 5
(1) can be written in the Bogoliubov-de-Gennes form:
H =
1
2
Ψ†HBdGΨ (15)
where HBdG is a 2L × 2L matrix being L the number
of lattice sites. The eigenstates of HBdG are expressed
in the electron-hole basis as ψT = (e1, h1, ..., eL, hL) and
the local Majorana polarization is defined as:
PM (n) =
∫ ∞
−∞
PM (ω, n)dω (16)
where
PM (ω, n) = 2
∑
m
δ(ω − ǫm)e(m)∗n h(m)n
is the density of MP and emn (h
m
n ) refers to the m-th
eigenstate, while n labels the site. If a state ψ belongs
5FIG. 5. Real space Majorana polarization for the system pa-
rameters corresponding to the numbered black circles (1, 2)
of Fig. 4. Panels (a), (b), (c) and (d) follow the same order
of panels of Fig. 4. The model parameters have been fixed
as: t = td = 1, ∆ = 0.02 and L = 121.
to the particle or hole sector, i.e. en = 0 or hn = 0 ∀ n,
the PM is indeed zero. On the other hand, the Majorana
polarization PM =
∑L/2
n=1 PM (n) of a genuine Majorana
state is ±1. We also note that the system has to satisfy
the constraint: P totM =
∑L
n=1 PM (n) = 0, because free
Majorana monopole cannot exist. In panel (b) of Fig.
3 we show the topological phase diagram obtained by
evaluating the Majorana polarization of the legged-ring
system (td 6= 0) measured in units of the Majorana
polarization of the Kitaev chain (td = 0) with the
same system length L = 121. We recover qualitatively
the same phase diagram of panel (a) with alternating
trivial/non-trivial phases. The effect of frustration is
also analyzed in Fig. 4 where we show the MP as a
function of the chemical potential by varying the range
of the extra hopping: d = 1 (Kitaev ring), 3, 40, 59
(perturbed Kitaev chain). The case of a Kitaev chain
of 121 sites (red curves) is also plotted for comparison.
Going from the Kitaev ring limit (panel (a)) to the
perturbed Kitaev chain limit (panel(d)) the MP mean
value increases favoring the non-trivial regime. On
the other hand, the alternation of local minima and
maxima keeps track of the geometric frustration of
the system induced by the long-range hopping. The
phenomenology of the frustration is clear when looking
at Fig. 5 where the real space Majorana polarization is
plotted in correspondence of the minima and maxima
of Fig. 4 (indicated by the black circles). The size of
the circles is proportional to the absolute values of the
local MP, while blue and red colors refer to positive and
negative values of the MP, respectively. As shown, the
local minima correspond to hybridized Majorana states
and the hybridization becomes stronger when d is lower
as shown in Fig.4. This is clearly seen in the extreme
case of a Kitaev ring (panel (a)) where the polarization
is uniformly distributed throughout the system. On
the other hand, local maxima correspond to Majorana
modes localized at the edges of the legs. Up to now, we
have considered the td = t case. When the case td 6= t is
considered, a phase diagram similar to the homogeneous
case is obtained (see the Appendix A.)
IV. BUILDING OF A TOPOLOGICAL
FRUSTRATED TRANSLATIONAL INVARIANT
SYSTEM
We now consider a multiple-tie system which is the
simplest model in which translational invariance coex-
ists with the geometric frustration of the single unit cell.
Beyond the theoretical interest, such a model can de-
scribe the multiple loops geometry made by nanotubes
[23, 35]. Thus we define a multiple-tie system with N
unit cells each of which having a tie of fixed size L (see
Fig. 6 panel (a)). In the thermodynamic limit N → ∞,
translational invariance is recovered. Imposing periodic
boundary conditions, c†j,N+1 = c
†
j,1, and performing the
Fourier transform of the fermionic operators:
c†j,n =
1√
N
∑
k
c†j,ke
−ikn
where k ∈ [−π, π] is the wave vector, j is the lattice site,
while n labels the unit cell n = 1, . . . , N , the multiple-tie
Hamiltonian can be written in the momentum space as:
HMK(k) = Hc(k) +Hic(k), (17)
where Hc:
Hc(k) =
1
2
∑
j
∑
k
[− µ(c†j,kcj,k + c†j,−kcj,−k) +
−t(c†j,kcj+1,k + c†j,−kcj+1,−k + h.c.) +
∆(c†j+1,kc
†
j,−k + c
†
j+1,−kc
†
j,k + h.c.)
]
(18)
while Hic is given by:
Hic(k) =
1
2
∑
k
[− t(c†1,kcL,ke−ik + c†1,−kcL,−keik +
+h.c.) + ∆(c†1,kc
†
L,−ke
−ik + c†1,−kc
†
L,ke
ik + h.c.)
]
. (19)
Since the Hamiltonian is now translational invariant, one
can compute the topological bulk invariant corresponding
to the Majorana number introduced by Kitaev [7]. Let us
first introduce the Majorana operators in k-space: aj,k =
cj,k + c
†
j,−k, bj,k = (cj,k − c†j,−k)/i in terms of which the
Hamiltonian becomes:
HMK =
i
2
Ψ†M
[
HT + (T1e
ik +D1e
−ik + h.c.)
]
ΨM
where ΨM = (a1,−k, b1,−k, . . . , aL,−k, bL,−k)
T and a†j,k =
aj,−k, b
†
j,k = bj,−k. In the new basis, HT , T1 and D1 are
2L× 2L matrices whose structure is defined by Eq. (18)
and Eq. (19). More specifically:
T1 =


.
.
.
.
0 −t
t 0

 , D1 =


.
.
.
.
0 ∆
∆ 0

 ,
6FIG. 6. Panel (a): The multiple-tie system with N unit cell.
The red square is the n-th unit cell. Panel (b): topological
phase diagram in µ−d plane of the model given by the Majo-
rana number QM . The topological (trivial) phases correspond
to the blue (white) regions. The parameters have been fixed
as: L = 121, ∆ = 0.02, t = 1.
where the dots stand for null elements. The
Majorana number, is defined as: QM =
Sign [PfM(0)]Sign [PfM(π)], where PfM
is the Pfaffian of the Hamiltonian M(k) =
HT + (T1e
ik + D1e
−ik + h.c.) evaluated at the points
k = 0, π in the momentum space. The computation
proceeds as follows. We first reduce the Hamiltonian
to a canonical form: M ′ = UMUT , by means of an
orthogonal 2L × 2L matrix U whose rows are the
eigenvectors of M :
M ′ =


0 λ1
−λ1 0
.
.
.
0 λ2L
−λ2L 0


, PfM ′ = λ1 . . . λ2L
then using the Pfaffian property: Pf(UMUT ) =
det[U ]Pf(M), the Majorana number can be recast in the
form:
QM = Sign
[
PfM ′(0)
det(U)
]
Sign
[
PfM ′(π)
det(U)
]
, (20)
which is evaluated numerically. Panel (b) of Fig. 6 shows
the phase diagram in d−µ plane of a multiple-tie system
when the single unit cell has size L = 121. The topolog-
ical phases correspond to QM = −1 (blue regions) while
the trivial phases correspond to QM = 1 (white regions).
We note that the trivial/non-trivial phases sequence is
still present but only for values of the chemical potential
close to the value µ = 2t where the topological phase
transition is expected for a Kitaev chain. The presence
of trivial phases close before µ = 2t is essentially due to
the frustration of the single unit cell. Bulk-edge corre-
spondence is explicitely proven for a sytem of reduced
size in the Appendix B.
V. CONCLUSIONS
In conclusion, we have presented an analysis of the
topological phase diagram of a Kitaev chain with geo-
metric frustration caused by the presence of a long-range
hopping (Kitaev tie). Due to the breaking of the transla-
tional invariance, the bulk-edge theorem cannot be used.
Thus we have resorted to a real space method based on a
generalization of the transfer matrix method. By the cal-
culation of the transfer matrix we have studied the emer-
gence of localized Majorana wave functions at the edge
of the legs. We have found that the geometric frustration
gives rise to an interstitial-like behavior of the topologi-
cal phase diagram in which non-trivial phases alternate
with trivial ones at varying the chemical potential and
the range of the extra hopping, controlled by the param-
eter d. We have also shown that the non-trivial phases
enlarge and become dominant when the perturbed Ki-
taev chain limit (i.e. large values of parameter d) is
considered. The same interstitial-like character of the
topological phase diagram emerges when the Majorana
polarization is considered. Moreover, we have considered
a multiple-tie system in which translational invariance
coexists with frustration effects. In the latter case, the
effect of geometric frustration is reduced and the bulk-
edge correspondence has been proven.
The effect of geometric frustration studied in this work
has been poorly investigated in connection with topo-
logical phase transitions. Despite this, topological frus-
tration could be a relevant ingredient to design proof-of
principle nanodevices. In this respect, looped or flexi-
ble nanowires, such as e.g. carbon nanotubes, are the
main testbed to prove the topological frustration physics
described here.
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Appendix A: Effect of the hopping strength
In the main text, we have shown the effect of geomet-
ric frustration by varying the range of the extra hopping.
Here we investigate the effect of changing the amplitude
of long range hopping so that td 6= t. This analysis is
performed in Fig. 7. Since the transfer matrix and MP
7FIG. 7. (a) Topological phase diagram in the µ − d plane
for t/td = 0.5. (b) Majorana polarization as a function of
chemical potential µ for td = 1 (green curve) and td = 0.5
(orange curve). The other parameters are: t = 1, ∆ = 0.02,
d = 3, L = 121.
methods provide compatible results, we restrict our anal-
ysis to the Majorana polarization. Panel (a) of Fig. 7
shows that for td/t = 0.5 the extension of non-trivial
phases is increased compared to the homogeneous case
(td = t = 1) reported in Fig. 3 (panel (b)). In particular,
panel (b) of Fig. 7 shows the Majorana polarization as
a function of chemical potential for td = 1 and td = 0.5
when d = 3, i.e. a quasi-ring with short legs. At de-
creasing the strength of the hopping between sites α and
β the MP mean value increases, favoring the non-trivial
regime.
Appendix B: Bulk-edge correspondence for a
multiple-tie system
In this Appendix we show bulk-edge correspondence
for a multiple-tie system made of 30 unit cells. In par-
ticular, in Fig. 8 (a), we show the phase diagram of
the translational invariant multiple-tie system having 20
sites per unit-cell. The phase diagram has been obtained
by exploiting the band topological invariant. It shows
a checkerboard pattern which is reminiscent of the topo-
logical frustration of the single unit cell. Panel (b) of Fig.
FIG. 8. (a): Topological phase diagram in µ − d plane of
a multiple-tie system of 30 unit cells and 20 sites per unit
cell obtained by the Majorana number Q. The topological
(trivial) phases correspond to the blue (white) regions. (b):
energy eigenvalues of the system as a function of chemical
potential µ corresponding to the horizontal red cut of panel
(a). The other parameters have been fixed as: ∆ = 0.02,
t = 1.
8 shows the lowest energy eigenvalues corresponding to
the red horizontal cut of panel (a). The correspondence
between trivial and non-trivial phases is clearly visible
in Fig. 8 (b). In order to get further insight, in Fig.
9, we show the localization properties of the wavefunc-
tion for a trivial/topological phase sequence moving the
chemical potential along the red line of Fig.8(a). This
analysis directly shows that localized states correspond
to the gapless points in Fig. 8(b), while trivial states
correspond to the gapped ones.
8FIG. 9. Amplitude of the lowest energy modes of the multiple-
tie system with N = 30 unit cells and with L = 20 sites per
unit cell, as a function of position j and four different values
of the chemical potential µ along the red line of Fig.8(a). The
other parameters have been fixed as: ∆ = 0.02, t = 1.
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